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ON THE RECIPROCAL DEGENERATE LAH-BELL
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ABSTRACT. In this paper, we consider reciprocal degenerate Lah-Bell
polynomials and numbers and study some properties for those polyno-
mials and numbers including their explicit expressions. In addition, we
find some relationships between the reciprocal Lah-Bell numbers and
special numbers and polynomials.
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1. INTRODUCTION

The unsigned Lah number L(n,k) counts the number of ways a set of n
elements can be partitioned into £ nonempty linearly ordered subsets and
have and explicit formula

(1) L(n, k) = <Z_1>:: (see [2, 4, 5, 7-10)).

By (1), we can derive the generating function of L(n, k) to be

k o0 n
@) % (175_15) =3 L k)L, (k>0), (see 2,45, 9, 10))
n=k

The Bell polynomials are defined by the generating function to be
t_q > t"
¢(“D) =37 Bely (), (see [2, 4,5, 7,9, 11, 13, 15, 16]).
= n!

In the special case = 1, Bel,, = Bel,(1) are called the n-th Bell numbers.
The n-th Bell number is the number of ways to partition a set with n
elements into non-empty subsets. Note that

Bel,, = Z 52(77/7 k)7
k=0

where Sa(n, k) is the Stirling numbers of the second kind which is the number
of ways to partition a set n elements into k non-empty subsets.

In [7], Kim and Kim introduced the Lah-Bell polynomials by using gen-
erating function to be

(3) erlre) =37 B,Q(x)g.
n=0
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When z = 1, B = BL(1) are called the n-th Lah-Bell numbers. Note
that Bl is the number of ways a set of n elements can be partitioned into
non-empty linearly ordered subsets.

For each A € R — {0}, the degenerate exponential function is defined by

(4) eX(t) = (14 )% and ey(t) = (1 + At)X.

Note that limy_,g €% (t) = e”* and limy_,g ex(t) = €’

By using (4), the degenerate Lah-Bell polynomials are defined by the gen-
erating function to be

5) & (15;) = Bl (see 4,5,

n=0

In the special case z = 1, Bﬁ’/\ = Bﬁ)\(l) are called degenerate Lah-Bell
numbers.

The study of degenerate versions of Bernoulli and Euler polynomials and
numbers is initiated by Carlitz in [1], and recently, many researcher inves-
tigated various degenerate version of some special functions (see [3, 5, 6,
12, 15-18]). These studies are important not only in number theory and
combinatorics but also in probability theory and applications of differential
equations.

In this paper, we consider reciprocal degenerate Lah-Bell polynomials and
numbers and study some properties and identities for those polynomials and
numbers. In addition, we find some relationships between the reciprocal
Lah-Bell numbers and special numbers and polynomials.

2. RECIPROCAL DEGENERATE LAH-BELL POLYNOMIALS

1—t
function of degenerate Lah-Bell polynomials BTI;’ y(x). We define the recip-

rocal degenerate Lah-Bell polynomials B, »(x) whose generating function to
be

(6) & (ft) - gsnm)g-

In the special case © = 1, By, » = By A(1) are called the reciprocal Lah-Bell
numbers.

First of all, we observe that e} ™ ( ¢ ) is the reciprocal of the generating

Note that
1 ad —m 1
=0 ZZE( ")
(7) e
=Y <m> L
1=0

where < x >9= 1, < z >,= z(z + 1)(z +2)--- (x + (n — 1)) is the ris-
ing factorial of . In addition, < & >o =1, < © >, = z(z — A\)(z —
20) - (x — (n—1)N).
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Theorem 2.1. For each nonnegative integer n, we have

Bya(r) = Z(—l)mL(n, m) < T >m

m=0

Z( ) MM Sy < T S -

In particular,

Bux=> (=1)"L(n,m) <1 >pmx

m=0

n
= Z <n>(—1)m <M >p_m< 1>,
m=0 m

Proof. By (2) and (6), we get

(o) -G )

m=!

®
>
8
7N
=
|| =
g
N————
Il

t m

> 1
E "<z > —
m:O( ) ’ " ’ m' 1 ¢

:mzzo(—n < T > Zle 0

l=m

:Z (Z(—l)mL(n,m) <z >m7,\> ;—n'
n=0 \m=0 .

On the other hand, by (7), we have

t > 1 t \™
(1) - S <o ()

m=0

oo © tm+l
(8) :ZZ(—l < T SpaA<m > —— T

m=0 |= et

o0

0
m=0

n
< ) 1)m <M >p-m< T >m,/\) 57

and thus our proofs are completed. O

—Z(
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Note that

t 1
<1+)\1—t> =12
00 _ l X 1\l
=2 ( 11>Al <1t—t> (1—115)2 - l; L gy
) (D)< 1>y = tm
= 27“ N[ <t+2>m —
o ! 0 m.
:i (i (7) (—>\)l <1><i+2 >nl> 1;7”'

Theorem 2.2. For each nonnegative integer n, we have

Bpiia(x xZ( ><2>ntm7,\(x+)\)

:_x;o;%( >< >( N <T+1 >k Byp(x).

In particular,

n

Bn—&-L/\ = - Z (;) <2>p-m Bm,)\(l + )\)

m=0

n k n k
= <k‘> <l> (—1)l+1>\ll! <l4+1>p B, k.
k=0 1=0

Proof. By taking the derivative with respect to ¢ on both sides of (6), we
get

(10) % (ilgn,)\(f)j;) = 723%1,/\(55) “
and
i (75) - (k)
(11) (1 + )‘1t> o (1—1t)2
- —xz <¢;)< ) <2>n-m Bm,A(erA)) ;—n‘

By (11) and (10), we have

n

Bn+1’)\($) = —x Z <ZL> <2>nm Bm)\(l‘ + )\).

m=0
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On the other hand, by (9), we get

(12)
i (o (5) =i (onts)
=z <1 +)\1i>i <1 +>\1i>1 1—t)2
- (i Bn,A(x)tn'> (i (Zn: (7) (A < 1><i+2 >nl> Z:)
n=0 n=0 \[=0
- xni;o (k:)g <Z> <I;>(—>\)l <1><l+2 >y Bnm(x)> i—n'

By (10), (11) and (12), we obtain

Buiip(z) = *l‘ii (Z) (?) (=N <1< 142 >4 Bypa(2).

k=0 =0

O

From now on, we find the relationship between degenerate Lah-Bell poly-
nomials and reciprocal degenerate Lah-Bell polynomials.

Theorem 2.3. For each nonnegative integer n, we have

zn: <7> Bl 3(@)Bia(x) = o,

=0

where &g » is the Kronecker’s symbol.
In particular,

n

n
> <Z>B£—1,ABI,>\ = don-

=0

Proof. By (5) and (6), we get
ot N Lt
= () ()
) m o0 l
(13) = (Z BﬁL,,\(fE):n!> (; Bz,\(@i)
tn
o

m=0
= i (g (7) Bﬁz,A(l’)Bl,A(f”)>

n=0

By (13), we proof is completed. O

67
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Note that, by taking the derivative with respect to ¢ on both sides of (5),

we get

d (. [ t d t \*
i (3 (75)) = (175)

(14) - <1+>\1tt)§1 (115)2

Il
8
(e
7~ N +
]+
1~
TN
S
N~
TN
~
~——
=
AN
—
Y
AN
+
)
V
o
Sy
3
7
=
&
~

t’n,
7'.
n=0 \k=0 I=0 n'
Since
d oo
(16) % Z ZBn+1)\
n=0 n=0

by (14), (15) and (16), we obtain the following theorem.

Theorem 2.4. For each nonnegative integer n, we have

n+1 Az) =z Z < > <2>pom B#,A(x =)
:wzz (Z) (’;) (=N <142 >4 BE, \(2).

k=0 1=0

(17)

By (10) and (11), we know that

00 _z -1
n by
1 = 1+ A— 1+ A—o 1—t)2
1) Y By = o (14205 ) T (14a05) a0
n=0
Theorem 2.5. For each nonnegative integer n, we have

g(JBnl,\( z) By (z =—x2< > )Pl < mA42 >n

In particular,

n n
n n
E (l)Bﬁ_lH’)‘Bl”\ =— E <m> ()™Ml <m+2 >, .

=0 m=0
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>8

on both sides of (18), we get

Bn+1,A($)f:!> (Z Bﬁ,x(fﬂ)::!)

n=0

I/~
—_
+
|
~—
L
—
I
N
|
no
Il
N7l
8

3
Il

0
o0 n n tn
:Z Z < >B£—7rL,A($)Bm+1’A($)> -
m n
n=0 \m=0
= n L n n l
Bima(@)Brsia(@) = =2 () (=) <1< l42 >0
0 =0

O

+
If we multiple multiplying (1 + )\ﬁ) * on both sides of (18), then

<26n+u )(ZB (4N )
-y (Z (1) Brmra@BE e+ A)) a3
n=0 \m=0 '

By (7) and (19), we have

(20) Z <:1) Bn—m—‘—l,)\(z)B#,)\(I —AN)=—2<2>,.

m=0

(19)

By (20), we obtain the following theorem.

Theorem 2.6. For each nonnegative integer n, we have
n
n L
Z (m) Bimi1 () By (x +A) = —2 <2 >, .
m=0
In particular,
n

-> <:L> BimiiaBE A1+ X) =< 2>, .

m=0
3. CONCLUSION

In the past decades, various degenerate versions of some special poly-
nomials and numbers have been studied actively by many researchers. In
particular, degenerate Lah-Bell polynomials were defined by Kim-Kim as
degenerate version of Lah-Bell polynomials in [4].

In [14], authors investigated some properties for reciprocal degenerate
Bell numbers and polynomials, including their explicit expressions, recur-
rence relations and their connections with the degenerate Bell numbers and
polynomials.

In this paper, we consider reciprocal degenerate Lah-Bell polynomials and
numbers and found some properties for those polynomials and numbers in-
cluding their explicit expressions. In addition, we studied some relationships
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between the reciprocal Lah-Bell numbers and special numbers and polyno-
mials.
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